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Abstract: A new particle method for large inelastic deformation and material 

failure analyses from low to moderated high speed applications is presented. The new 

formulation is established following a meshfree Galerkin approach for a solving of 

partial differential equation in solid mechanics problem. A nonlocal strain field is 

introduced to the formulation via displacement smoothing which is shown to be related 

to the least-square stabilization method for the elimination of zero-energy modes, the 

enhancement of coercivity and the introduction of non-locality in the particle methods 

[1]. The discretized system of equation is consistently derived within the meshfree 

Galerkin variational framework [2] and integrated using a direct nodal integration 

scheme. As fully Lagrangian kernel is incapable of simulating the severe deformation 

and material separation problem, the updated-Lagrangain kernel and Eulerian kernel 

[3-5] are developed to reset the reference configuration, maintain the injective 

deformation mapping at the particles and naturally handle the material separation due to 

damage. Both SMP and MPP simulations are available in the released LS-DYNA® 

version. Several numerical benchmarks and industrial applications are provided in this 

presentation to demonstrate the effectiveness and accuracy of the new method. 

Kerwords: Meshfree method, nodal integration, stabilization, nonlinear 

 

1 Introduction 

 

Thanks for the characteristics of discretization flexibility and customized 

approximation, meshfree or particle methods have undergone extensive developments 

and led to widespread applications in interdisciplinary sciences and engineering over the 

past two decades. In particular, significant research efforts have been spent on the 

particle integration due to the conceptual simplicity and the reduced numerical 

restriction in modeling large deformation, moving discontinuity, and immersed 

problems in solid and structural applications. 

Nevertheless, three types of instabilities [5] arise when a solid mechanics problem is 

solved by the particle method. Spurious energy mode in deformation is the first type of 

instabilities which mainly emanates from the rank instability [6] of the particle discrete 
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system. The rank instability is caused by the under-integration of weak forms inherent 

in the central difference formula from the direct particle integration scheme, and it 

requires numerical stabilization. Strain localization is driven by the material instability 

which presents the second type of instability in particle integration method. Physically, 

it is recognized [7] that the onset of strain localization in the rate-independent material 

coincides with the loss of ellipticity of the incremental problem. Mathematically, the 

strain localization leads to the ill-posedness of the incremental boundary value problem 

and requires a localization limiter [8]. Tension instability [9] is the third particle 

instability from discretization which results from the interaction of the second derivative 

of Eulerian kernel and the tensile stress [4]. Nowadays, the tensile instability can be 

entirely cured by an employment of Lagrangian kernels Error! Reference source not 

found. in the solid mechanics applications.   

So far, several stabilization techniques have been developed to remove the spurious 

energy modes in the meshfree nodal integration solution. The meshfree 

Galerkin/least-squares (GLS) stabilization approach [6] presents a reconstructed weak 

form where a bilinear term consisting of the residual of equilibrium equation is 

employed to stabilize the solution. The principle drawback of this residual stabilization 

approach is the contradictory demands on the stabilization control parameter placed by 

accuracy requirement. Wu et al. Error! Reference source not found. developed the 

Smoothed Particle Galerkin (SPG) method in which a smoothed displacement field is 

introduced to stabilize the meshfree Galerkin nodal integration solution in large 

deformation and damage analyses. It was shown Error! Reference source not found. 

that SPG method is closely related to the nonlocal meshfree method [8] by means of 

strain regularization analysis. Their analysis results reveal the SPG method is developed 

based on a fully nonlocal model in strain approximation and can be used for the large 

strain analysis. In this paper, the LS-DYNA® SPG method is introduced to the severe 

deformation and material failure simulation, several related LS-DYNA keywords and 

their descriptions are also provided. 

Our paper is organized as follows. In the next section, an overview on SPG method 

is given. The corresponding LS-DYNA® SPG keywords are given in Section 3. 

Numerical examples are presented in Section 4 to illustrate the robustness and accuracy 

of the proposed method. Section 5 concludes with a brief summary.  

 

2 Overview on SPG Method 

 

   The explicit dynamic equation of the SPG method is described by [1-3]  

  int1 ffAUMAA  ext-T-T                        (1) 

or equivalently 

  int~
ffAUMA  extT-T- 

                       (2) 

where U


and U
~

contains the vector of particle accelerations evaluated in the smoothed 

nodal position system and generalized nodal position system, respectively. fext and fint  
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are corresponding external and internal force vectors, respectively. M is the consistent 

mass matrix given by 

     IXXM 0

0

1

NNJ

NP

N

NIIJ VΨΨ


                     (3) 

where 0 is the initial density, NP is the total number of particles, and  XIΨ , 

I=1,…NP can be considered as the shape functions of the meshfree approximation for 

displacement field. 
0

KV  denotes the initial volume of particle K. A is a transformation 

matrix defined by 

     IXXIXA 



NP

1K

KJIKIJIJ ΨΨ                (4) 

Eq. (1) also can rewritten as 

 intffAUM  ext-T                       (5) 

with 1 MAAM
-T defines a smoothed consist mass matrix. In explicit dynamic 

analysis a row-sum mass matrix is usually considered which is only computed once 

without involving matrix inversion at each time step. The smoothed consist mass matrix 

is now replaced by the row-sum mass matrix RS
M  to give 
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As Lagrangian simulation proceeds, an updated Lagrangian/Eulerian kernel scheme is 

performed frequently to avoid the negative Jacobian in the Lagrangian calculation. In 

each adaptive step material quantities are computed at particles without the usage of 

background cells. Since the updated Lagrangian/Eulerian kernel approach does not 

involve remeshing and particle computation is evaluated node-wise, the material 

quantities at all particles are maintained in the Lagrangian setting and thus require no 

remap procedures. If we denote the variables before and after the each adaptive time 

step to be superscripted with “–“and “+” respectively, the derivatives of material 

meshfree shape functions with respect to spatial coordinates right before (k+1)-th 

adaptive time step can be expressed by 
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where 
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f defines the inverse of incremental deformation gradient from k-th 

adaptive time step. At (k+1)-th adaptive time step, the new derivatives of material 

meshfree shape functions becomes 
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Since no remap procedures are considered in the adaptive step, the particle mass is 

taken to be the same during the explicit dynamics analysis. The current particle volume 

required for the calculation of internal force is updated according to the continuity 

equation given by 

00

I

I

I VV



                           (8) 
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              (9) 

In LS-DYNA®, we consider the adaptive step be periodically taken by a constant 
time interval. Figure 1 illustrates the evolution of updated Lagrangian/Eulerian kernel in 
one adaptive step.       

 

 

Figure 1. The evolution of updated Lagrangian/Eulerian kernel in the adaptive scheme. 

 

3 LS-DYNA® SPG Keywords 

 

4 Numerical Examples 

4.1 Material failure simulation in a 3D plate    

To demonstrate the applicability of SPG in the general three-dimensional problem, the 

material failure of a metal plate is simulated. The 3D metal plate has a size of 0.2m in 

diameter and 0.023m in thickness. It is subjected to an indentation of ball with a size of 

0.03m in diameter. The ball is assumed to be rigid and is traveling at a constant speed of 

0.893m/s. The material constants of the metal bar are [12]: Young’s modulus E=206.9 

GPa, Poisson’s ratio v=0.29, density ρ0=7860 kg/m3 and the isotropic hardening rule 
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y eee    100  with coefficients β=16.93, 0

y =0.45 GPa, 



y = 0.715 GPa and =0.12924 GPa. The 3D plate is discretized by the finite element 

analysis model which is composed of 35470 hexahedra elements (39941 nodes) as 

shown in Figure 2.  

The progressive deformed geometries are plotted in Figures 3. Figure 4 presents the 

load-displacement response. xxxxxxxx   

  

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2. The finite element mesh of 3D metal plate in material failure problem. 

 

(a) 

 
(b)  

Figure 3. Deformed configuration of 3D plate in effective plastic strain contour: (a) top 

view; (b) bottom view. 
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Figure 4. Force response of the contact force in failure simulation. 

 

4.2. 3D metal grooving simulation 

This problem is studied to identify the applicability of SPG method in 

three-dimensional severe deformation analysis. A metal block of size 0.1 m × 0.06 m × 

0.02 m is fixed at the bottom and grooved by a rigid rotating roller as shown in Figure 

5. The width of the roller is 0.008 m. The roller has a constant rotating speed w=125 

rad/s and is traveling at a transverse speed V=0.5 m/s. For present purpose, we further 

assume the grooving process is isothermal and frictional coefficient for the contact 

between roller and work piece is 0.1. The material has an initial density ρ0 = 2700 

kg/m3. The strain-hardening elastic-plastic material properties are: Young’s modulus 

E=70.0 GPa, Poisson’s ratio v=0.3, and an isotropic hardening rule 

  p

py

p

y eEe   0
 with coefficients γ=1.0, 0

y =0.1 GPa, and Ep=1.5e-2 GPa. The 

finite element analysis model for the work piece contains 15000 hexahedra elements 

(17391 nodes) which are uniformly distributed as shown in Figure 5. For finite element 

methods, both one-point integration with hourglass control formulation (FEM1) and 

selective reduced integration formulation (FEM2) are considered for the comparison. 

Explicit dynamics analysis is conducted for this simulation.            
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Figure 5. 3D metal grooving problem. 

    

The final deformed geometries with effective plastic strain contours are plotted in 

Figures 6 (a)-(c) for the FEM2, FEM1 and SPG method, respectively. As shown in 

Figure 6 (a), FEM2 method experiences severe mesh distortion problem and the 

simulation stops in the early stage. Surprisingly, the FEM1 method improves the 

simulation in FEM2 and completes two-thirds of the simulation in grooving process as 

shown in Figure 6 (b). On the other hand, the SPG method is able to accomplish the 

grooving simulation as depicted in Figure 6 (c) for the final deformed geometry. It is 

worthwhile to note that the SPG method is very stable and no shooting nodes are 

observed in the simulation. The comparisons of contact force in vertical and 

longitudinal directions are given in Figures 7 (a) and (b), respectively. Good agreement 

between FEM1 solution and the SPG solution is shown in the plunging phase and 

steady state of the grooving phase before roller retracts. In contrast, the negative volume 

causes the FEM2 simulation to abort early in the plunging phase as shown in the contact 

force response.  

   
(a)                          (b) 
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(c) 

Figure 6. Final deformation in the grooving problem: (a) FEM2; (b) FEM1; and (c) 

present method. 

 

(a)                              (b) 

Figure 7. Comparison of contact force in the grooving problem: (a) vertical 

direction; and (b) longitudinal direction. 

 

To study the effect of material failure in grooving simulation, the Eulerian kernel is 

adopted (IDAM=1) and failure criteria (fs=0.3) is considered. The final deformed 

geometry with effective plastic strain contours are plotted in Figures 8 (a) and (b) for 

the SPG method without and with material failure, respectively. The maximum range of 

the effective plastic strain contour plot in Figure 8 is 0.3. Apparently, the influence 

region of effective plastic strain in the case of damage model is more profound than that 

of non-damage model. The difference can be verified on their contact force responses as 

shown in Figures 9 (a) and (b) for the vertical and longitudinal directions, respectively. 

As it is shown in Figure 9, the contact forces in both vertical and longitudinal directions 

reduce in the damage case particularly during the steady state of the grooving process. 

The reduction of contact force response in the longitudinal direction is more evident 

than the vertical direction. This is due to the potential loss of frictional contact caused 

by the material failure on the grooving surface.      
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(a)                     (b) 

Figure 8. Final deformation in the SPG grooving simulation: (a) non-damage; and 

(b) damage. 

 

 

(b)                              (b) 

Figure 9. Comparison of contact force in the SPG grooving simulation: (a) vertical 

direction; and (b) longitudinal direction. 

 

5 Conclusion 

 

A stable and accurate particle method is attractive from the viewpoint of formulation 

simplicity and simulation capability in the nonlinear analysis of solid mechanics 

problems. In this paper, the LS-DYNA® SPG method is introduced which is free from 

stabilization control parameters and integration cells for the particle computation. 

Several kernel formulations have been incorporated into the nonlinear SPG formulation 

to enhance the simulation capability for severe deformation and damage analysis.  
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