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a b s t r a c t

A novel meshfree approach for the elastic analysis of composite solids is proposed. This approach intro-
duces a new meshfree discretization technique that can be applied to the composite solids with overlap-
ping sub-domains. Since each sub-domain is discretized individually by the finite element model,
substantial user interaction for generating the conforming mesh is avoided. A meshfree convex approxima-
tion is employed taking advantage of the naturally conforming property to approximate the overlapping
sub-domains and to enforce the global Dirichlet boundary condition. In addition, a Kronecker-delta
property is imposed on the approximation of interfacial nodes leading to a point-wise continuity in
displacements across the interface. As a result, a non-conforming meshfree Galerkin method for the
elasticity interface problem is devised and is shown to satisfy an optimal error estimate in the energy norm.
This method is applicable to both macro and microscopic analyses of composite solids such as particle and
fiber-reinforced composites. Three numerical benchmarks in two-dimensional case are provided to
demonstrate effectiveness and accuracy of the proposed method.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

The elasticity of composite solids such as particle and fiber-
reinforced composites is a boundary value problem (BVP) that
can be modeled by the elliptic equations containing discontinuous
coefficients [1]. The discontinuous coefficients in BVPs introduce
jump conditions across the interface in displacements as well as
in flux. These jump conditions generally are determined by the rel-
evant physics. The elasticity interface problems of composite solids
presented in this paper consider the homogenous jump conditions
which arise in a wide range of mathematical modeling in material
science and bio-medical applications such as the elastic analysis of
rubber compounds [2,3], modeling of bone structures [4] and sim-
ulation of brain shifting [5]. The conventional finite element meth-
od (FEM) in this context is to generate a matching (conforming)
mesh across the material interface and use standard finite element
shape functions to approximate solutions of the BVPs. As a result,
each element basically contains only one material and the element
basis functions are independent of the jump conditions. However,
generating 2D and 3D matching meshes suitable for the finite ele-
ment analysis is difficult in cases where interfaces are present in
ll rights reserved.

are Technology Corporation
USA. Tel.: +1 925 245 4529;
irregular geometries. Construction of matching meshes in interface
problem generally requires substantial user interaction and is
time-consuming. Therefore from user’s point of view, it is advanta-
geous to use discretization that is not matching at the material
interfaces for the composite solids analysis.

A flexible way to couple mismatching meshes across the inter-
face is to use the mortar finite element method [6]. It is a domain
decomposition technique that enforces the jump conditions across
the interface by Lagrange multipliers and results in a saddle point
problem which requires appropriate solvers. Unfortunately, arbi-
trary choice of approximation space for Lagrange multipliers may
violate the inf–sup condition [7,8] and can lead to instabilities that
eventually cause artificial oscillations in the traction fields. A
different variational approach for the discretization of interface
problem is offered by Nitsche’s method [9]. Such discretization
incorporates interface conditions approximately, but consistently,
by penalizing the jump of the primal variable (displacement) and
avoids the use of Lagrange multipliers. Consequently, the resulting
linear system is positive definite and does not suffer from ill-
conditioning. The Nitsche’s method has a close relationship [10]
with Barbosa and Hughes’ least-squares stabilized Lagrange
multiplier formulation [11] in circumventing the inf–sup condi-
tion. Despite its non-trivial implementation and a need to deter-
mine the penalty parameters, Nitsche’s method has been shown
to preserve optimal convergence in L2 and energy norms for
elasticity interface problems [12].
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Alternatively, the partition of unity method (PUM) [13,14] em-
ploys a priori knowledge of the solution at interfaces to obtain spe-
cial finite element spaces. Later in [15], the method was referred to
as generalized finite element method (GFEM), since the classical
FEM is a special case of this method [16]. The ability to choose a
wide variety of enrichment functions in GFEM allows it to approx-
imate non-smooth solutions of BVPs on domains having internal
boundaries, corners or multiple cracks [2,17]. The enrichment
function is extrinsic to the finite element basis function, thereby
introducing new degrees of freedom. In other words, the enrich-
ment function can, in principle, be arbitrary and are certainly not
limited to polynomials. This advantage, however, is achieved at a
high computational cost due to expensive numerical integration
[16]. The extended finite element method (XFEM) [18] is an appli-
cation of PUM for problems of interface tracking and crack growth.
XFEM enriches the standard finite element shape functions with
additional continuous enrichment function (Ramp function) or
discontinuous enrichment function (Heaviside function or Step
function) to approximate the solution near the interface. The
enrichment function exists only at the nodes of the elements that
intersect the interface. This allows XFEM to accommodate ele-
ments that do not conform to the interface. Solution spaces of
XFEM using discontinuous enrichment function do not generally
satisfy the Dirichlet jump condition on the interface. As the one
in the mortar finite element method, linear or tied constraint
methods such as Lagrangian multipliers, penalty methods and
bubble-stabilized method [19] are often utilized to enforce the
Dirichlet jump condition. While such methods provide high fidelity
predictions of the structure response in composites, their robust-
ness has not yet been demonstrated on large-scale simulations of
composite solids [20] such as heterogeneous microstructures.
The calculations in XFEM involving small inclusions require the
generation of small elements thus very time consuming. Even with
high quality adaptive meshes, the nodal enrichment procedure in
single element containing multiple interfaces is a significant chal-
lenge in particular for the three-dimensional problem.

Both GFEM and XFEM treat the material interface implicitly
using the concept of level set method. Similar implicit boundary
representation techniques have been developed based on a uni-
form Cartesian mesh under different versions of embedded or fic-
titious domain approaches. Among them are finite cell method for
geometrical modeling of embedded problems [21], immersed finite
element method for fluid-structure interaction problems [22] and
immersed finite element method for elasticity interface problems
[23,24]. The recently developed immersed finite element method
(IFEM) [23] is also rooted in the GFEM. In IFEM, the finite element
basis functions are constructed to satisfy the homogenous jump
conditions across the material interface whereas the mesh itself
can be independent of the interface. Since the homogenous jump
conditions are only satisfied point-wise at the intersections of
interface and element edge, the finite element basis functions de-
fined in this way could be discontinuous across edges of interface
elements [25] and thus non-conforming. A sophisticated conform-
ing local basis functions has been introduced to non-conforming
IFEM by enlarging the support of some standard basis functions
in the non-conforming finite element space such that the continu-
ity condition in displacements can be enforced. The conforming
linear IFEM [25] was shown to be optimally convergent in L2 and
energy norms. Despite its improved accuracy, conforming IFEM is
far more complex than non-conforming IFEM and the extension
to three-dimensional case is not clear.

In comparison to finite element method, meshfree method is
known to provide a higher accuracy in solid analysis in particular
for the large deformation problems. The analysis of elasticity inter-
face problem in composite solids is a new area in recent meshfree
developments [26–28]. Cordes and Moran [29] impose the jump
condition by adding an interface constraint in the variational formu-
lation and solve the equation by Lagrange multiplier method. Since
the material interface serves as a visibility criterion for the construc-
tion of meshfree approximation in the composite solid model, a set
of interface nodes has to be manually added along the interface to-
gether with properly adjusted integration cells for the domain inte-
gration. A parallel research [30,31] is devoted to the development of
a particular meshfree approximation that contains discontinuities
in the derivatives across the material interface. This approach re-
quires defining the interface nodes in the numerical model and
may not be easily performed when the interface involves complex
geometry or three-dimensional object. The introduction of disconti-
nuities to meshfree approximation has also recently been applied to
the immersed particle method [32] to model the fluid–structure
interaction problem. A special jump functions was also incorporated
with meshfree approximation by enforcing its consistency condi-
tions [33] and therefore additional unknowns are not needed.
Recently, a discontinuous Galerkin meshfree formulation was pro-
posed by Wang et al. [34] based on an incompatible patch-based
meshfree approximation to model the material interface in compos-
ite solid. Since the continuities of displacement and normal flux are
imposed weakly at the variational level, this formulation also does
not acquire additional degrees of freedom.

On the other hand, conventional meshfree approximation re-
quires special considerations to impose the boundary conditions.
Wu and Koishi [3] proposed a convex generalized meshfree approx-
imation to simplify the treatment of boundary conditions in mesh-
free method and applied to the micromechanical analysis of
particle-reinforced rubber. The employment of convex generalized
meshfree approximation to the solid analysis was shown to be less
sensitive to the nodal support size [35]. The convex generalized
meshfree approximation was also shown to be more robust
than the non-convex meshfree approximation such as moving
least-squares (MLSs) [36] or reproducing kernel (RK) [37] approxi-
mations when low-order Gaussian quadrature rule is used for
numerical integration. Park et al. [38] embarked on a detailed
eigenanalysis for meshfree convex approximation and reported
that a large critical time step can be used in the explicit dynamic
analysis. Their dispersion analysis results also reveal that meshfree
convex approximation exhibits smaller lagging phase and ampli-
tude errors than conventional MLS approximation in the full-
discretization of the wave equation. Other convex meshfree
approximations [39,40] based on Shannon’s entropy concept [41]
and maximum entropy [42] principle were also developed and used
to solve the incompressible problem [43] as well as the structural
problem [44]. The convex generalized meshfree approximation
was recently introduced [45] to the standard finite element method
to solve the volumetric locking problems that present in the low-
order displacement-based Galerkin method. More recently, this
new technique was employed to the micromechanical analysis of
three-dimensional particle-reinforced rubber composite in auto-
motive tire applications [46]. Despite its success in resolving the
volumetric locking problem, the new method inevitably depends
on a conforming mesh in modeling the composite solid for the
micromechanical analysis. Modeling material interface in compos-
ite solid using existing meshfree techniques still relies on a mesh
generation of base material and inclusions for the domain integra-
tion. The generation of non-overlapping meshes for composite
solids in particular for the fiber and particular reinforced composites
remains challenging in both finite element and meshfree methods.

The aim of this paper is to present an alternative approach for
elasticity of composite solid problem using meshfree method. A sig-
nificant feature of our approach is its flexibility to adopt the overlap-
ping meshes in composite solid that can be easily discretized using
the finite element model. Therefore the discretized domain for the
base material does not need to conform to the material interface.



Fig. 1. Graphical depiction for interface elasticity problem.
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As a consequence, there is no need to insert the interface nodes and
their corresponding integration cells in the proposed method. All
information regarding the geometry of material interface is stored
in the geometrical model of inclusions, and solid mesh generation
for inclusions can be as detail as possible to better represent the
geometry of material interface. The mesh density of the inclusions
can be independent of that in the base material in which a structured
mesh can be easily generated for the base material. The resulting
immersed meshfree method is attractive in the large-scale micro-
mechanical modeling of composites since the periodic nodes along
the boundary can be easily imposed through the structured mesh.
In conforming FEM, additional efforts such as manual correction of
mesh topology or employment of Fast Fourier Transformation meth-
od [20] have to be made to overcome the difficulty of constructing
large meshes with homologous nodes at the periodic boundary.
The proposed method is also particularly convenient in the material
processing contexts when the morphology design is subjected to a
change. The remainder of the paper is outlined as follows: In the next
section, we define the elliptic boundary-value problem containing
discontinuous coefficients and formulate the weak form of the equi-
librium equation. In Section 3, we modify the variational formula-
tion for the meshfree method to be used in the composite solid
problem. The details of numerical discretization, approximation
and domain integration for the modified variational method are de-
scribed. A priori estimate is derived for the error measures in the en-
ergy norm. In Section 4, the numerical procedures of the immersed
meshfree method are described. The discrete equations using the
convex generalized meshfree approximation are presented in the
same section. In Section 5, three two-dimensional numerical exam-
ples are studied. Final remarks are drawn in Section 6.

2. Problem description and variational equation

We consider an elastic solid occupying a bounded and open do-
main X � R2 with Lipschitz boundary. Let oXD and oXN be two
open subsets of boundary oX such that oX = oXD [ oXN and
oXD \ oXN = 0. g(x) is the prescribed displacement applied on the
Dirichlet boundary oXD, and t(x) 2 L2(oXN) is the prescribed trac-
tion applied on the Neumann boundary oXN with n0 denoting
the outward unit normal to the boundary oXN. The elastic body
is composed of two perfectly bounded materials with zero-thick-
ness interface C. The equilibrium configuration of the elastic body
is characterized by the continuity of displacement and continuity
of normal stress across the material interfaceC. The elasticity inter-
face problem can be described by the following second-order
elliptic boundary value problem with the associated homogenous
Dirichlet and Neumann jump conditions on the interface C

�r � ðCðxÞ � rsuðxÞÞ ¼ f ðxÞ x 2 X n C

u ¼ gðxÞ x 2 @XD

CðxÞ � rsuðxÞ � n0 ¼ tðxÞ x 2 @XN

sut ¼ 0 x 2 C

sCðxÞ � rsuðxÞ � nt ¼ 0 x 2 C

8>>>>>><>>>>>>:
ð1Þ

where function u:X ? R2 is the displacement and f:X ? R2 is the
prescribed body force over the domain X. Normally, f 2 L2(X). The
notation rsu denotes the symmetric gradient of the displacement,
rsu ¼ 1

2 ðruþ ðruÞTÞ . Without loss of generality, we assume the
interface C is a smooth and closed curve that divides the global do-
main X into two regions: X+ representing the base material and X�

denoting the immersed media or inclusion such that their union gives
the global domain X, X ¼ Xþ [X� and C = oX+ \ oX� as depicted in
Fig. 1. The symbol n in Fig. 1 denotes the outward unit normal vector
on C. For simplicity, we further assume a convex domain X� � R2 for
inclusion. Correspondingly, we have a domain X+ of base material
which is non-convex. We also define the jump operator s � t by
sqtðxÞ ¼ qþðxÞ � q�ðxÞ ð2Þ

in which + and � denote the two sides of the interface C with the
jump of quantity q across the interface. The body force and material
constants can exhibit discontinuities across the interface C, but have
smooth restrictions f+,C+ to X+ and f�,C� to X�. They are given by

f ¼ f þ in Xþ

f � in X�

(
and C ¼ Cþ in Xþ

C� in X�

(
ð3Þ

The infinitesimal strain tensor e(u) is defined by

eðuÞ ¼ rsu ¼
1
2
ðruþ ðruÞTÞ ð4Þ

C+ and C� 2 L1(X) are elasticity tensors with major and minor sym-
metries and are corresponding to different materials in X+ and X�

respectively. In the case of linear isotropic elasticity, we take C+ and
C� to be constants. The Cauchy stress tensor r and strain tensor e
have the following relationship

rþ ¼ Cþ � e ¼ 2lþeþ kþtrðeÞI in Xþ

r� ¼ C� � e ¼ 2l�eþ k�trðeÞI in X�

(
ð5Þ

where the positive constants l+, l�and k+, k� are Lamé constants.
The Lamé constants are related to the Young’s modulus E and Pois-
son ratio v by

l ¼ E
2ð1þ vÞ ; k ¼ vE

ð1þ vÞð1� 2vÞ ð6Þ

The variational form of this problem is to find the displacement
u 2 Vg = {v 2 H1(X):v = gonoXD} such that for all v 2 V

aðu;vÞ ¼ lðvÞ ð7Þ

where the functional space V ¼ H1
0ðXÞ consists of functions in Sobo-

lev space H1(X) which vanish on the boundary oX and is defined by

VðXÞ ¼ fv : v 2 H1;v ¼ 0 on @XDg ð8Þ

The bilinear form a(�,�) and linear functional l(�) are obtained by mul-
tiplying the test function v 2 V to both sides of Eq. (7) and integrat-
ing over the regions X+ and X� separately using Green’s formula.Z

Xþ
f þðxÞ � vdXþ

Z
X�

f �ðxÞ � vdX

¼ �
Z

Xþ
r � ðCþðxÞ � rsuðxÞÞ � vdX�

Z
X�
r � ðC�ðxÞ � rsuðxÞÞ � vdX

¼
Z

Xþ
eðuÞ � Cþ � eðvÞdX�

Z
C

CþðxÞ � rsuðxÞ � nþ � vdC

þ
Z

X�
eðuÞ � C� � eðvÞdX�

Z
C

C�ðxÞ � rsuðxÞ � n� � vdC

�
Z
@XN

ðt � vÞd@X ð9Þ

Using the fact that n+ = �n�, we can rewrite the above equation to
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Z
Xþ

f þðxÞ � vdXþ
Z

X�
f �ðxÞ � vdX ¼

Z
Xþ

eðuÞ � Cþ � eðvÞdX

þ
Z

X�
eðuÞ � C� � eðvÞdX�

Z
@XN

ðt � vÞd@X

�
Z

C
sCðxÞ � rsuðxÞ � nt � vdC ð10Þ

Applying the homogenous Neumann jump condition to Eq. (10)
yieldsZ

Xþ
eðuÞ � Cþ � eðvÞdXþ

Z
X�

eðuÞ � C� � eðvÞdX�
Z

Xþ
f þ � vdX

�
Z

X�
f � � vdX�

Z
@XN

t � vd@X ¼ aðu;vÞ � lðvÞ ¼ 0 ð11Þ

where

aðu;vÞ ¼
Z

Xþ
eðuÞ � Cþ � eðvÞdXþ

Z
X�

eðuÞ � C� � eðvÞdX ð12Þ

lðvÞ ¼
Z

Xþ
f þ � vdXþ

Z
X�

f � � vdXþ
Z
@XN

t � vd@X ð13Þ

It is noted that the elasticity tensors C+ and C� are symmetric, and
homogenous Neumann jump condition is enforced in the varia-
tional level. Obviously, the bilinear form a(�,�) in Eq. (12) is symmet-
ric, bounded and coercive by Friedrichs inequality. The existence
and uniqueness of the problem is ensured by the Lax–Milgram the-
orem [1].

3. Immersed meshfree method for composite solids

This section first focuses on the development of a new meshfree
discretization that spans across the material interface. The defini-
tion of computation domain for the proposed method and the con-
struction of the meshfree approximation that satisfies a point-wise
continuity across the interface are subsequently described. Finally,
a primal problem which is equivalent to a degenerated Lagrangian-
type mortar method is devised and followed by a proof of the
optimality.

3.1. Immersed meshfree discretization and integration cells

For simplicity, we assume that X is a convex polygonal domain
and only consider the case of pure displacement problem under
homogenous boundary condition (oXD = 0). The standard meshfree
Galerkin method is formulated on a finite dimensional space
Vh � V employing the variational formulation of Eq. (11) to find
uh 2 Vh such that

aðuh;vhÞ ¼ lðvhÞ8vh 2 Vh ð14Þ

where Vh = span{WI:I 2 ZI} and ZI is an index set. fWIðxÞgI2ZI
are

shape functions constructed using meshfree convex approximation
[35] and will be described later in this section. We also let rI �X be
the interior of the supp WI(x). We assume that rI is star-shaped with
respect to a ball bI � rI and there exists a constant Cr > 0 such that
[47]

diamðrIÞ
diamðbIÞ

P Cr ;8I 2 ZI ð15Þ

We let hI = diam(rI) denote the nodal support radius and assume the
following overlapping condition [35]

9M 2 R 8x 2 X card ZI 6 M ð16Þ

Often, a shape function WI(x) is associated with a particle xI 2 R2

and particles are distinct. Using the superposition principle for the
above linear system, the discrete bilinear form in Eq. (14) can be
re-expressed by
aðuh;vhÞ ¼
Z

Xþ
eðuhÞ � Cþ � eðvhÞdXþ

Z
X�

eðuhÞ � C� � eðvhÞdX

¼
Z

Xþ[X�
eðuhÞ � Cþ � eðvhÞdXþ

Z
X�

eðuhÞ � C� � eðvhÞdX

�
Z

X�
eðuhÞ � Cþ � eðvhÞdX ¼

Z
Xþ[X�

eðuhÞ � Cþ � eðvhÞdX

þ
Z

X�
eðuhÞ � ðC� � CþÞ � eðvhÞdX ð17Þ

Similarly, we have the discrete linear functional to be rewritten as

lðvhÞ ¼
Z

Xþ
f þ � vhdXþ

Z
X�

f � � vhdX

¼
Z

Xþ[X�
f þ � vhdXþ

Z
X�

f � � vhdX�
Z

X�
f þ � vhdX

¼
Z

Xþ[X�
f þ � vhdXþ

Z
X�
ðf � � f þÞ � vhdX ð18Þ

The expression of discrete forms in Eqs. (17) and (18) allows us to
reset the meshfree computation domain by two overlapping sub-
regions; namely X+ [X� and X�. The advantage of overlapping
sub-regions is their flexibility to accommodate complex immersed
structures in which mismatching discretizations can be made easily
and independently in each sub-region using finite element model.
Since the computation domain X� is ‘‘immersed’’ in computation
domain X+ [X� under the meshfree Galerkin framework, we refer
this method as an immersed meshfree Galerkin method. Fig. 2 is an
illustration of overlapping sub-regions which shows a convex inclu-
sion immersing in a base matrix using two overlapping finite ele-
ment meshes. It is evident that for the single-phase system
(C+ = C� and f+ = f�) the modified variational formulation can be
degenerated to the standard meshfree Galerkin formulation.

Consequently, we can define the computational sub-regions as
follows:

Given a bounded domain X � R2, we consider sub-regions X1

and X2 to be the overlapping sub-regions satisfying

X ¼ [2
i¼1Xi ð19Þ

where X1 = X+ [X� is the computation domain containing the
composite solid. In other words, the computation domain X1 of
composite solid is composed of sub-region X+ for base material
and inclusion X2 = X� for inclusion. We assume that each Xi is par-
titioned by a finite element triangulation Thi

which can be com-
pletely independent of the other. Typically, interface-fitted nodes
are generated by the partition in sub-region X2. For simplicity, we
further assume that none of the nodes generated in two sub-regions
coincide. In the case where two nodes collide in sub-region X2, they
are merged to keep the procedure in the construction of meshfree
approximation well-defined.

In the sub-region X1, the total number of meshfree nodes con-
sists of a set of component nodes that overlap and cover the do-
main X. Fig. 3a shows the overlapping nodes of Fig. 2. The
overlapping nodes include a set of structured nodes from sub-re-
gion X1 and a set of interface-fitted nodes and interior nodes from
sub-region X2. Fig. 3b is the associated finite element mesh in the
partitioning of sub-regionX1. The finite element mesh in Fig. 3b
also serves as the integration cells needed for meshfree domain
integration in sub-region X1 that appears in the first term on
RHS of Eqs. (17) and (18). Let Z1 = {xl, l = 1, . . . , NP} be the set of dis-
tinct nodes inX1. NP indicates the total number of overlapping
nodes in sub-region X1. For each xl 2 Z1, Wl(x) denotes the corre-
sponding meshfree shape function. We define the meshfree inter-
polant of u(x) by the formula

uIðxÞ ¼
XNP

I¼1

WIðxÞuðxIÞ ¼
XNP

I¼1

WIðxÞuI 8x 2 X1 ð20Þ



Fig. 2. Creating overlapping discretizations in the immersed structure by two finite
element meshes.
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where uI = u(xI) is called the ‘generalized’ displacement of node I. In
other words, uI(x) is considered as an interpolant of u(x) in a gener-
alized sense. In general, conventional meshfree approximations are
not interpolants, i.e, uI – uI(xI). For this reason, special treatment
[48] is required to impose the essential boundary conditions on
the global boundary oX of the model problem . In this study an
alternative meshfree approximation that restores a weak Kroneck-
er-delta property at the boundary, the convex meshfree approxima-
tion [39,40], is utilized to allow the direct treatment of essential
boundary conditions on oX for elasticity interface problem. We em-
ploy the generalized meshfree approximation method (GMF) [3,35]
to obtain the meshfree convex approximation. The first-order con-
vex GMF approximation is constructed using the inverse tangent
basis function and the cubic spline window function is chosen to
be the weight function in GMF method. Giving a convex hull co
(Zl) of a node set Zl = {xI,I = 1, . . . , NP} � R2 defined by

coðZlÞ ¼
XNP

I¼1

aIxIj aI 2 R;
XNP

I¼1

aI ¼ 1;aI P 0; xI 2 Zl;1 6 I 6 NP

( )
ð21Þ

the GME method is to construct a convex approximation of a given
(smooth) function u in the form of Eq. (20) such that the shape func-
tion WI:co(Zl) ? R satisfies the following linear polynomial repro-
duction property
Fig. 3. Computation domain of base matrix. (a) M
XNP

I¼1

WIðxÞxI ¼ x 8 x 2 coðZlÞ ð22Þ

The detailed derivation of GMF method and the corresponding
mathematical properties can be found in [35].

The convex approximation space constructed by GMF method is
a subspace of H1

0ðXÞ and conforms to the boundary conditions if
the approximating domain is convex. Ideally this conforming
meshfree approximation secures H1-compatibility and the homog-
enous Dirichlet jump condition across the interface is verified
automatically. On the other hand, the meshfree approximation also
introduces the non-locality [49] across the interface. This gives rise
to a solution that exhibits a smearing near the interface. To remove
the smearing, we invoke a second meshfree approximation in sub-
region X2, e.g. by zero extension in the sub-region X1.

To be more precise, we let eZ2 ¼ f~xl; l ¼ 1; . . . MPg � Z1 be the
subset nodes that contain the overlapping nodes in the sub-region
X2. MP is the total number of overlapping nodes in sub-region X2.
Fig. 4a shows the overlapping nodes in sub-region X2. We also de-
fine eeZ 2 ¼ f~~xl; l ¼ 1; . . . IPg � eZ1 � Z1 to be the subset nodes that
collect the interface-fitted nodes along the boundary of sub-region
X2. IP is the total number of interface-fitted nodes. Fig. 4b is the
associated finite element mesh of sub-region X2 as well as the
integration cells for meshfree domain integration that is needed
in assembly of the second term on RHS of Eqs. (17) and (18). Anal-
ogously, every function ~uhðxÞ 2 eV h2ðX2Þ has a unique representa-
tion of the form

~uhðxÞ ¼
XMP

I¼1

eWIðxÞ~uI 8x 2 X2 ð23Þ

Since the sub-region X2 is assumed to be convex, the subspaceeV h2ðX2Þ is defined byeV h2ðX2Þ ¼ fv : v jX2
2 H1ðX2Þ;v ¼ 0 on @X [ @X2g ð24Þ

Apparently, the subspace eV h2ðX2Þ is not a subset of subspace
Vh(X1), i.e., eV h2ðX2Þå VhðX1Þ. Since the approximations in sub-re-
gion X1 and sub-region X2 are constructed independently, the
meshfree shape functions eWlðxÞ and Wl(x) of the same node
xl 2 eZ2 � Z1 are not necessarily the same. This is true in particular
when support of node xl covers the interface C, i.e.,eW lðxÞ–WlðxÞ for xl 2 eZ2 � Z1 and suppðxlÞ \ C–0 ð25Þ

The support of shape function in sub-region X2 is defined by

suppðxlÞ ¼ suppð eW lðxÞÞ ¼ fxj 2 X2 and eWlðxÞ–0g ð26Þ

As a result, it leads to a non-conforming meshfree approximation
and the continuity of displacement across the interface is not
eshfree discretization. (b) Integration cells.



Fig. 4. Computation domain of inclusion. (a) Meshfree discretization. (b) Integra-
tion cells.
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ensured. A one-dimensional example is shown in Fig. 5 to illustrate
the non-conforming meshfree approximation using the immersed
meshfree method. Because the homogenous Dirichlet jump condi-
tion is not satisfied at the interface, a procedure like the mortar
technique for the coupling of two different triangulations is needed
to achieve an optimal approximation.
3.2. Construction of meshfree approximation and modified variational
formulation

In mortar finite element method, the non-conforming problem
is caused by the non-matching meshes across the interface where
no sharing nodes are established to provide the displacement con-
tinuity. Therefore, an additional constraint equation corresponding
to the Dirichlet jump condition is required to connect the dis-
jointed nodes between two triangulations. In standard mortar fi-
nite element method [6], the constraint equation is imposed
weakly across the interface and is sufficient to guarantee an
approximation with a consistency error of order h if the weak solu-
tion u is smooth enough. However in immersed meshfree method,
the sharing nodes are well-defined in the subset of interface-fitted

nodes eeZ 2 ¼ f~~xl; l ¼ 1; . . . IPg. Indeed, the non-conformity of approx-
imation in immersed meshfree method is due to the non-matching
meshfree shape functions in the overlapping domain as illustrated
in Fig. 5. Since the sub-region X2 is immersed in the sub-region
X1(X2 �X1), we can redefine the approximation in sub-region

X1 such that eV h2ðX2Þ � VhðX1Þ and eWlðxÞ ¼ WlðxÞ for xl 2 eZ2 � Z1.
Fig. 5. Non-conforming meshfree approximation near the interface x = 0: shape
functions in sub-region X1 are denoted by solid red lines and shape functions in
sub-region X2 are denoted by dash blue lines. (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this
article.)
This can be achieved by decomposing the approximation in sub-re-
gion X1 into two approximations in non-overlapping sub-domains
(X1nX2 and X2) and enforcing the nodal-wise continuity in dis-
placement by introducing the Kronecker-delta property to the

interface-fitted nodes set eeZ 2. Namely we define a new constrained
discrete meshfree approximation space by

bV hðXÞ ¼ P2
i¼1
eV hiðXiÞ ð27Þ

where the definition of subspace eV h2ðX2Þ � bV hðXÞ is given in Eq.
(24) and additional subspace eV h1ðX1Þ is defined by

eV h1ðX1Þ ¼ fv : vjX1nX2
2 H1ðX1 nX2Þ;v ¼ 0 on @Xg � bV hðXÞ ð28Þ

We note that eV hiðXiÞ; i ¼ 1;2 stand for the spaces of linear conform-
ing meshfree approximations that satisfy homogenous Dirichlet
boundary conditions on oX \ oXi,i = 1,2 in the sub-regions X1nX2

and X2 respectively. Let eZ1 ¼ f~xl; l ¼ 1; . . . LPg � Z1 be the subset
nodes such that

eZ1 ¼ ðZ1 n eZ2Þ [
eeZ 2 and LP ¼ NP �MP þ IP ð29Þ

In a one dimensional case, the new approximation is conforming
since bV hðXÞ � VðXÞ. An improved meshfree approximation of
Fig. 5 is shown in Fig. 6. Since the shape function of the interface-fit-
ted node possesses the Kronecker-delta property, the continuity is
imposed across the interface.

However, this is not the case in a two dimensional problem.
Since sub-region X1nX2 is not convex (by assuming X2 is convex
previously), the approximation of the interface-fitted nodes
generated by the GMF method does not possess a Kronecker-delta
property. In other words, the displacement continuity at the
interface-fitted node does not hold. A graphic sketch of this non-
conforming approximation near the interface is given in Fig. 7.

In the general case, it is difficult to construct a conforming
approximation across the interface. We will look into the possibil-
ity of constructing a conforming meshfree approximation for the
interface problem in the future. In this study, we consider to im-
pose the displacement continuity weakly and point-wisely across
the interface by introducing the Kronecker-delta property to the
approximation of the interface-fitted nodes. This can be done by
either employing a singular kernel function [3,50,51] to the inter-
face-fitted nodes or applying a transformation method [48,50] to
those nodes whose supports cover the interface nodes. We have
adopted the transformation method in this study. With the intro-
duction of Kronecker-delta property to the shape functions at the
Fig. 6. Conforming meshfree approximation near the interface x = 0: shape
functions in sub-region X1 are denoted by solid red lines and shape functions in
sub-region X2 are denoted by dash blue lines. (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this
article.)



Fig. 8. Point-wise continuity along the interface in a two dimensional case.
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interface-fitted nodes set eeZ 2 ¼ f~~xl; l ¼ 1; . . . IPg, the reconstructed
meshfree shape functions in sub-region X1 have the following
form:

X1 :

bW1
I ðxÞ if xI 2 eZ1; x 2 X1 nX2bW2
I ðxÞ ¼ eWIðxÞ if xI 2 eZ2; x 2 X2bW1
I ðxJÞ ¼ bW2

I ðxJÞ ¼ dIJ if xI; xJ 2
eeZ 2

8>><>>: ð30Þ

satisfying

uhðxÞ ¼

XLP

I¼1

bW1
I ðxÞuI if xI 2 eZl; x 2 X1 nX2

XMP

I¼1

bW2
I ðxÞuI ¼

XMP

I¼1

eWIðxÞuI if xI 2 eZ2x 2 X2

XLP

I¼1

bW1
I ðxJÞuI ¼

XMP

I¼1

bW2
I ðxJÞuI ¼ uJ if xJ 2

eeZ 2

8>>>>>>>>>><>>>>>>>>>>:
ð31Þ

In general bW1
I ðxÞ– bW2

I ðxÞ on interface C except at the interface
nodes x ¼ xI 2

eeZ 2. A non-conforming meshfree approximation with
point-wise continuity across the interface is illustrated in Fig. 8 for a
two dimensional case.

Since the displacement continuity across the interface is only
imposed point-wisely at the interface-fitted nodes, the weak form
of Eq. (14) is reformulated based on the non-conforming meshfree
approximation. We now define immersed meshfree solution of the
elastic composite solid problem as a function uh 2bh satisfying

âðuh;vhÞ ¼ l̂ðvhÞ;8vh 2 bV h ð32Þ

where

âðuh;vhÞ ¼
Z

X1nX2

eðuhÞ � Cþ � eðvhÞdXþ
Z

X2

eðuhÞ � Cþ � eðvhÞdX|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
integrating using integration cells from composite solid

þ
Z

X2

eðuhÞ � ðC� � CþÞ � eðvhÞdX|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
integrating using integration cells from inclusion

ð33Þ

l̂ðvhÞ ¼
Z

X1nX2

f þ � vhdXþ
Z

X2

f þ � vhdX|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
integrating using integration cells from composite solid

þ
Z

X2

ðf � � f þÞ � vhdX|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
integrating using integration cells from inclusion

ð34Þ

and the associated discrete (broken) energy norm is defined by

kV1;h ¼ âðvh;vhÞ
1
2;vh 2 bV h ð35Þ

Using the Cauchy–Schwarz inequality and triangle inequality, it can
be shown that the modified bilinear form âð�; �Þ is bounded onbV h � bV h with respect to the broken energy norm on X.
Fig. 7. Non-conforming meshfree approximation near the interface in a two
dimensional case.
Lemma 3.1. There exists a positive constant cb such that for any
uh;vh 2 bV h, we have

jâðuh;vhÞj 6 cbkuhk1;hkvhk1;h ð36Þ
Proof.

âðuh;vhÞj2 ¼ j
Z

X1nX2

eðuhÞ � Cþ � eðvhÞdXþ
Z

X2

eðuhÞ � Cþ � eðvhÞdX
����

þ
Z

X2

eðuhÞ � ðC� � CþÞ � eðvhÞdX
����2

6

Z
X1nX2

jeðuhÞ � Cþ � eðvhÞj2dXþ
Z

X2

jeðuhÞ � C� � eðvhÞj2dX

6 cþmax
2ðCþÞ

Z
X1nX2

keðuhÞk2
0dX

 ! Z
X1nX2

keðvhÞk2
0dX

 !

þ c�max
2ðC�Þ

Z
X2

keðuhÞk2
0dX

� � Z
X2

keðvhÞk2
0dX

� �
6 max cþmax

2; c�max
2

� �
juhj21;hjvhj21;h

6 c2
bkuhk2

1;hkvhk2
1;h 8uh;vh 2 bV h � ð37Þ

In inequality (37), we have used the discrete semi-norm on
space bV h defined by standard Sobolev notation as

jvhj21;h ¼ jvhj21;X1=X2
þ jvhj21;X2

ð38Þ

The constants cþmax and c�max in inequality (37) are the largest eigen-
values of C+ and C� respectively.

It is also not difficult to show that the modified bilinear form
âð�; �Þ is positive-definite on bV h.

Lemma 3.2. There exists a positive constant cc such that for any
vh 2 bV h, we have

âðvh;vhÞP cckvhk2
1;h ð39Þ
Proof. Observing that âðvh;vhÞ ¼ 0 implies vh is constant. Since vh

vanishes on global boundary oX and satisfies continuity at the
interface-fitted nodes, we have vh = 0 in X and thus ensure the
coercivity of the modified bilinear form. h

The uniqueness solution of the discretization problem (32) then
follows by the Lax–Milgram theorem.

Theorem 3.1. Let u 2 V be the solution of the variational problem (7),
the discretization problem (32) in immersed meshfree method admits
a uniqueness solution uh 2 bV h.
3.3. A degenerated mortar method and energy-norm error estimate

Since âð�; �Þ is coercive, we can apply the well-known second
Strang’s lemma [47] for the energy-norm error estimate.



1404 C.T. Wu et al. / Composites: Part B 45 (2013) 1397–1413
ku� uhk1;h 6 C inf
v2bV h

ku� vk1;h þ sup
wh2bV hnf0g

jâðu� uh;whÞj
kwhk1;h

8<:
9=;
ð40Þ

where the first term on the R.H.S. of inequality (40) is the best
approximation error which can be obtained by the meshfree
approximation error estimate and the second term is the consis-
tency error which comes from the non-conforming of bV h. Assume
the regularity on the exact solution u 2 H2(X), we have the follow-
ing error estimate by Céa’s inequality [52]

inf
v2bV h

ku� vk1;h 6 ku� Ihuk1;h 6 chjuj2;X ð41Þ

where h is the largest nodal support radius, i.e, h ¼ supI2Zl

fdiamðrIÞg. Note that it is sufficient to choose the inverse tangent
basis function and C2 window function in GMF method to have H2

meshfree shape functions. It is also noted that the material constant
C is discontinuous across the interface. Therefore, it is possible that
the solution u of the elasticity interface problem may not be in
H2(X) due to the rough solution presented in the problem.

Because the interface C is associated with a one dimensional
triangulation, we call this one dimensional triangulation on C,
Nh. Each integration segment ei 2Nh is a boundary edge of integra-
tion cell (finite element triangulation) Th2

in X2. For the consis-
tency error, we use the definition of âð�; �Þ in Eq. (33) and
Galerkin orthogonality together with Green’s theorem to yield

âðu� uh;whÞ ¼ âðu;whÞ � l̂ðwhÞ

¼
Z

X1nX2

r � ðCþ � rsuÞ �whdX

þ
Z

X2

r � ðC� � rsuÞ �whdX�
Z

X
f �whdX

¼
Z

X1nX2

r � ðCþ � rsuÞ �whdX

þ
Z

X2

r � ðC� � rsuÞ �whdX

�
Z

X1nX2

r � ðCþ � rsuÞ �whdX

 

þ
Z

X2

r � ðC� � rsuÞ �whdX

�
Z

C
C � eðuÞ � n �whdC

�
¼
X
ei2Nh

Z
ei

ðC � eðuÞ � nÞ � swhtds

ð42Þ

where the term
R

ei
ðC � eðuÞ � nÞ � swhtds can be realized as the weak

constraint equation appearing in the Lagrange multiplier-type
mortar method in which kh = C � e(u) � n 2 (L2(C))2 are Lagrange
multipliers. The symbol swt denotes the restriction of jump as de-
fined in Eq. (2) for w 2 C. A natural choice for the construction of
Lagrange multiplier spaces in non-conforming formulation of the
mortar method is to define the Lagrange multiplier basis function
locally associated with the discrete nodes. From this point of view,
we regard the proposed embedded meshfree method as a degener-
ated Lagrange multiplier-type mortar method due to the fact that
the displacement jump vanishes at the interface-fitted nodes, i.e.,

swhtI ¼ wþ
I �w�I

� 	
¼ 0 8I 2 eeZ 2 ð43Þ

Applying the point collocation method to the assembly of discrete
constraint equation in mortar method and using Eq. (42) lead to
the primal problem presented in Eq. (32).
âðu;whÞ � l̂ðwhÞ ¼
X
ei2Nh

Z
ei

C : eðuÞ � n � swhtds

¼
X

ei�Nh

X
I¼1

C � eðuIÞ � nI � wþ
I �w�I

� 	
¼ 0 8wh 2 bV h

ð44Þ

Despite the vanishing constraint equation in the primal problem,
the proposed immersed meshfree method still presents certain
boundary quadrature error by different quadrature rules and re-
quires a consistency error estimate to ensure a stable and conver-
gent meshfree discretization. This consistency error estimate
resembles that of meshfree solution in standard Galerkin meshfree
method using moving least-squares approximation [36], or repro-
ducing kernel approximation [37], when Dirichlet boundary condi-
tions are imposed in point-wise fashion.

Lemma 3.3. Assume that u 2 H2 (X) be the solution of elastic
composite solid problem in Eq. (7), there exists a constant cc

independent of h and function u such that

jâðu;whÞ � l̂ðwhÞj 6 cchjuj2kwhk1;h 8wh 2 bV h ð45Þ
Proof. Let Dn� denotes the normal derivative in the sense of trace
at the interface C with the label ‘‘±’’ represents the limit of quan-
tities at each side of the interface and is defined by

Dn�u� ¼
X2

i;j

C�ij
@u�

@xj
ni ð46Þ

where u = u+ = u�, C = (Cij)2�2 is the material coefficient matrix and n
is the outward unit normal vector on C as defined in Section 2.
According to the homogenous Neumann jump condition, we have
Dnu ¼ Dnþuþ ¼ Dn�u� on material interface C. Using Eqs. (42) and
(46) and Cauchy–Schwarzs inequality followed by standard trace
inequality, we have

jâðu;whÞ � l̂ðwhÞj ¼
X
ei2Nh

Z
ei

ðC � eðuÞ � nÞ � swhtds

�����
�����

6

X
e2Nh

Z
e
jDnujjswhtjds

� �

6

X
ei2Nh

Z
ei

jDnujds

 ! Z
e

wþh �w�
h

�� ��ds
� �

6

X
ei2Nh

Z
ei

jDnujds

 ! Z
e

wþh
�� ��dsþ

Z
e

w�h
�� ��ds

� �

6

X
ei2Nh

jeij1=2
Z

ei

jDnuj2ds

 !1=2

� jeij1=2
Z

ei

wþ
h

�� ��2ds

 !1=2

þ
Z

ei

w�
h

�� ��2ds

 !1=2
8<:

9=;
6 cc1hkDnuk0;C wþ

h



 


0;C þ w�

h



 


0;C

� �
6 cc1h Dnuk k1 kwhk1;X1=X2

þ kwhk1;X2

� �
6 cchjuj2kwhk1;h �

ð47Þ
where we have related the largest nodal support radius h to the
maximum length of element edge ei along the interface C by
defining

9c1 P 1;h ¼ sup
I2Zl

hI ¼ sup
I2Zl

ðdiam rIÞ ¼ c1sup
eJ2C
jeJj ð48Þ
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Lemma 3.3 implies

sup
wh2bV hnf0g

jâðu;whÞ � l̂ðwhÞj
kwhk1;h

6 cchjuj2 ð49Þ

This indicates that the estimate of consistency error for the im-
mersed meshfree method is of O(h). Combining inequalities (40),
(41) and (49), we obtain the following result for the energy error.

Proposition 3.1. Let u 2 H2 (X) and uh 2 bV h be respectively the
solutions of the weak problem (7) and of the discretized problem (32).
Then it holds

ku� uhk1;h 6 hjuj2 ð50Þ

By Proposition 3.1, we expect the optimal rate of convergence for im-
mersed meshfree method to be one for u in H2(X).
4. Numerical procedures and discrete equations

To perform a composite solid analysis using the proposed meth-
od, typical inclusions of realistic morphology such as reinforced
particles or fibers are idealized. For example in microscopic analy-
sis, the realistic morphology can be constructed using several
Fig. 9. Example of an idealization process in particle-reinforced

Fig. 10. Illustration of integration cells in com
visualization techniques such as atomic force microscopy (AFM),
X-ray tomography and serial sectioning [53,54]. Those inclusions
can be digitized and segmented into multiple regions (sets of pix-
els). The segmentation of these regions in voxel-based mesh re-
quires further smoothing and idealization to identify their
boundaries. More precisely, the segmentation process is utilized
to define the iso-surface of composite solid and therefore the
boundaries of inclusions as illustrated in Fig. 9. Once the iso-
surface is formed, a surface triangulation technique can be used
to discretize the material interface. From there, a marching cubes
algorithm [55] (or marching squares in 2D) is adopted to construct
the conforming meshes across the material interface. Unfortu-
nately, constructing a conforming mesh for the finite element anal-
ysis of idealized composite involving multiple and complex
inclusions may be very time consuming and sometimes is impossi-
ble to achieve. In order to construct a conforming mesh, most of
time the idealized inclusions have to be further simplified and
therefore lose their practical applicability. As a result, establishing
an efficient approach to handle the geometrical interaction be-
comes important and remains a challenging task for the macro
and micromechanical modeling of composite solids.

The procedures of immersed meshfree analysis of composite so-
lid start with embedding the inclusion into the base material. Since
composite. (a) AFM image. (b) Idealized composite solid.

putation domain X1 of composite solid.



Fig. 11. Illustration of integration cells in computation domain X2 of inclusion.

(a) 

231 nodes 820 nodes 3078 nodes

(b)
Fig. 12. Pressure vessel problem. (a) Geometry and boundary condition. (b) Three levels of immersed meshfree discretizations.
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information regarding the geometry of material interface is stored
in the geometrical model of inclusions, the solid mesh generation
for inclusions can be as detail as possible to better represent real-
istic morphology. The mesh generation of the base material can be
independent of that in the inclusions. In other words, a structured
mesh can be easily generated for the base material, and material
interface does not need to be considered in this step. This nice fea-
ture avoids the necessity of additional unknowns in the extrinsic
finite element methods such as extended finite element method.
To perform a meshfree analysis, displacement approximations in
Section 3 of the paper are rewritten in the following form:
uhðxÞ¼

XLP

I¼1

bW1
I ðxÞuI if xI 2 eZl ¼f~xl; l¼1; . . .LPg;x2X1 nX2

XMP

I¼1

bW2
I ðxÞuI ¼

XMP

I¼1

eWIðxÞuI if xI 2 eZ2 ¼f~xl; l¼1; . . .MPg;x2X2

XLP

I¼1

bW1
I ðxJÞuI ¼

XMP

I¼1

bW2
I ðxJÞuI ¼uJ if xJ 2

eeZ 2

8>>>>>>>>>><>>>>>>>>>>:
ð51Þ

where MP is the total number of overlapping nodes in sub-region
X2 which is the computation domain of inclusion. LP=NP-MP+IP de-
notes total number of overlapping nodes in sub-region X1nX2



Fig. 13. L2 and H1 error norms in pressure vessel model.

Fig. 14. Comparison of traction along interface. (a) Normal traction. (b) Tangential
traction.

Fig. 15. L2 error norms of interface traction.
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which represents the computation domain of base material. NP is
the total number of overlapping nodes in sub-region X1 and IP is to-
tal number of interface-fitted nodes usually obtained from the dis-
cretization in inclusion. bW1

I and bW2
I are meshfree shape functions in

sub-regions X1nX2 and X2 respectively. The corresponding discrete
equations of variational formulation are used to perform the
numerical integration and are given by
bK d ¼ f ext ð52ÞbK ¼ bK 1 þ bK 2 ð53Þ

f ext ¼ f̂ 1 þ f̂ 2 ð54Þ

bK 1
IJ ¼

Xn1

m¼1

Xint�int

n¼n

bBT
I ðxnÞCþbBJðxnÞAmn ð55Þ

bK 2
IJ ¼

Xn2

m¼1

Xint�int

n¼1

bB2T

I ðxnÞðC� � CþÞbB2
J ðxnÞAmn ð56Þ

f̂ 1
I ¼

Xn1

m¼1

Xint�int

n¼1

bWIðxnÞf þðxnÞAmn ð57Þ

f̂ 2
I ¼

Xn2

m¼1

Xint�int

n¼1

bW2
I ðxnÞðf �ðxnÞ � f þðxnÞÞAmn ð58Þ

bBIðxÞ ¼
bB1

I ðxÞ if xI 2 eZl ¼ f~xl; l ¼ 1; . . . LPg; x 2 X1 nX2bB2
I ðxÞ if xI 2 eZ2 ¼ f~xl; l ¼ 1; . . . MPg; x 2 X2

(
ð59Þ

where n1 is the total number of integration cells in computation do-
main X1 of composite solid and n2 is the total number of integration
cells in the computation domain X2 of inclusion. The integration
cells in X1 and X2 are plotted in solid line and illustrated in the sub-
plots of zoomed-in area in Figs. 10 and 11 respectively. C+ and C�

are elasticity tensors of base material and inclusion respectively.
The discrete equations are evaluated at Gauss point xn with int � int
Gauss quadrature rule in each integration cell. The symbol Amn de-
notes the corresponding weighted area of nth Gauss point in mth
integration cell. bBj

I; j ¼ 1;2 is standard B-matrix of node I defined
according to Eq. (51).

The numerical procedures are summarized as follows:

(1) Generating the solid mesh for digitized and idealized inclu-
sions obtained from visualization technique.

(2) Generating the structured solid mesh for composite solid
that does not contain the geometrical information of inclu-
sions and the associated material interface.

(3) Embedding the mesh in step (1) into the mesh in step (2).
(4) Merging the coincided nodes to form a set of distinct nodes

for meshfree approximation.
(5) Constructing displacement approximation according to Eq.

(51).
(6) Performing numerical integration in Eqs. (52)–(58) and

enforcing global boundary conditions for macro or microme-
chanical analysis.



(a)  

91 nodes 
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1274 nodes 

(b)  
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P=1000 

L=4

W=1
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( 2.11, 0.5 ) 

Fig. 16. Cantilever beam problem. (a) Geometry and boundary conditions. (b) Three
levels of immersed meshfree discretizations.

Fig. 17. L2 and energy error norms in single material model.

Fig. 18. Distribution of displacements along the cross-section x = 2.11 and stresses
along the cross-section x = 2.01 in single material model (346 nodes). (a) Displace-
ments and (b) stresses.

Fig. 19. Deformation plot in single material model (displacement scaled by 50
times): analytical (mesh), numerical (black dot).
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5. Numerical examples

In this section, we analyze three simplified-particle models in
two-dimension to study the performance of the proposed method
in the composite solid problems. Unless otherwise specified, the
following conditions are considered: (1) The weight function is
chosen to be the cubic B-spline kernel function with normalized
support size equal to 1.6 for the construction of meshfree shape
functions. (2) A six-point Gauss quadrature rule is used in each
integration cell for all examples. (3) The materials are considered
to be compressible with Poisson’s ratio v = 0.3 for all two-dimen-
sional cases. (4) For convenience, dimensionless unit system is
adopted in this paper. (5) All contour plots are reported at the
nodes for the displacement field and at Gauss points for the stress
field.
5.1. Pressure vessel

In this example, a two-dimensional thick-walled cylindrical
vessel with inner radius r1 = 2.0 and outer radius r2 = 3.0 is



Fig. 20. Two conforming finite element meshes. (a) 1074 nodes. (b) 4055 nodes.

Table 1
The convergence study in composite cantilever beam.

Energy norm L2 norm Tip displacement

Present
91 Nodes 3.3941 1.1480E�02 �1.1450E�02
346 Nodes 3.3801 1.1352E�02 �1.1386E�02
1274 Nodes 3.3708 1.1338E�02 �1.1299E�02

FEM
4055 Nodes 3.3700 1.1336E�02 �1.1290E�02
1074 Nodes 3.3669 1.1320E�02 �1.1272E�02

C.T. Wu et al. / Composites: Part B 45 (2013) 1397–1413 1409
subjected to a uniform pressure p on the interior wall. An interface
is defined at a radius of r = 2.5. Due to symmetry of the model, only
the upper quadrant of the problem is modeled as described in
Fig. 12a. Three levels of overlapping finite element meshes shown
in Fig. 12b are used for the convergence study in the proposed
method. In order to provide an analytical solution for the
Fig. 21. Maximum principle stress contour on deformed plot (scaled by 50 times) in co
conforming finite element mesh (1074 nodes).
convergence study, we further assume the vessel is made of single
material and is under plane stress condition. Under those assump-
tions, we have the following analytical solutions expressed in polar
coordinate system:

The circumferential displacement is uh = 0 and radial displace-
ment is

ur ¼
ð1þ vÞr2

1p
E r2

2 � r2
1

� 	 ð1� 2vÞr
1þ v þ r2

2

r2

 �
ð60Þ

where the material properties of the vessel are: Young’s modulus
E = 1000.0 and Poisson’s ratio v = 0.0. The corresponding circumfer-
ential and radial stresses are

rr ¼
pr2

1 r2 þ r2
2

� 	
r2 r2

2 � r2
1

� 	 ð61Þ

rh ¼
pr2

1 r2 � r2
2

� 	
r2 r2

2 � r2
1

� 	 ð62Þ

The convergence test is first conducted and the results are reported
in Fig. 13. The results of L2-norm and H1-norm errors are very close
to theoretical rate of convergence. To compare with the existing fi-
nite element method, the results of extended finite element method
in [56] with two tied constraint methods (penalty method and Nit-
sche’s method) are used for comparison. The stress responses along
the interface are studied using those methods. Fig. 14a and b depict
the normal and tangential tractions of finite element penalty meth-
od, finite element Nitsche’s method and the proposed method using
same level of discretization on the interface. The results of the pro-
posed method are comparable to those of finite element Nitsche’s
method. On the other hand, the finite element penalty method
suffers from a severe numerical oscillation in both normal and tan-
gential tractions and behaves the worst among three methods. The
L2� norm convergence of the traction fields along the interface
using the proposed method is shown in Fig. 15. The results in
mposite solid model. (a) Present solution (346 nodes). (b) Reference solution from



R1=0.4

R2=0.2

L=2

L=2

(0.726, 0.726)

(1.426, 1.426)

D=0.01 

Fig. 22. Graphical presentation of multiple inclusions in the unit cell model.
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Figs. 13 and 15 suggest the proposed method converges as the mod-
el is refined in the composite solid problem.

5.2. Cantilever beam

In this example, accuracy and convergence of a beam problem
for both single and composite solid models are studied. The prob-
lem statement and boundary conditions of the beam problem are
given in Fig. 16a. For a single material model, it is assumed that
the material contains only base matrix with Young’s modulus
E+ = 2.0e+07. Three regularly refined meshfree discretizations for
the beam model are shown in Fig. 16b.

The single material model is first analyzed using the overlap-
ping mesh to verify the theoretical rate of convergence derived
in the previous section. Since the beam is composed of one mate-
rial, analytical solution of the beam problem is available [57]. The
results of L2-norm and energy-norm errors against the element size
are shown in Fig. 17. The proposed method achieves an optimal
rate of convergence in both L2-norm and energy-norm errors.
Fig. 18a displays the distribution of displacement along the
cross-section x = 2.11 and compares with the analytical solution.
Both displacement components are in good agreements with the
analytical solution. Fig. 18b compares the stresses distribution
with the analytical solution along the cross-section x = 2.01 and
Fig. 23. Discretizations in unit cell model. (a) Immersed meshfree discretizatio
good agreements are obtained. A more detailed comparison of dis-
placement solution is shown in Fig. 19. Black dots in this figure de-
note the nodal locations obtained from the immersed meshfree
method, while the mesh represents the analytical solution. In both
solutions, the displacements are scaled by a factor of 50. Superior
performance of the proposed method is apparent in this deforma-
tion plot.

In the composite solid model, we have chosen the Young’s mod-
ulus of inclusion to be E� = 2.0e+10 which is 1000 times higher
than that of base matrix. Since the exact solution is not available,
two reference solutions are generated from the conforming finite
element method using the standard displacement-based bilinear
element formulation. Two finite element meshes shown in
Fig. 20a and b represent two level of mesh refinement that conform
to the bi-material interface with total number of 1074 and 4055
nodes respectively.

A comparison of energy norm, L2 norm and tip displacement
using the immersed meshfree method and conforming finite ele-
ment method are listed in Table 1. As shown in Table 1, the im-
mersed meshfree solution converges to the finite element
solution of the most refined mesh. Furthermore, the prediction of
immersed meshfree method using a coarser discretization is com-
parable to the finite element solution with a finer mesh. Fig. 21a
and b shows the comparison of maximum principle stress distribu-
tion in immersed meshfree method using 346 nodes and conform-
ing finite element method using 1074 nodes respectively. The
stress contours are plotted on a deformed configuration with the
scale factor of 50 in the displacement field. As shown in the com-
parison, the immersed meshfree method predicts similar results
for the maximum principle stress.

5.3. Tensile test in unit cell model with multiple inclusions

In this example, a plane strain tensile test of a unit cell model at
the microscopic level is analyzed. The geometry and boundary con-
ditions of unit cell are shown in Fig. 22. The model is composed of a
base matrix with Young’s modulus E+ = 1.0e+05 and two inclusions
with Young’s modulus E� = 1.0e+08. The two inclusions are of dif-
ferent sizes and on different locations to represent influence of the
morphology of inclusions. The volume fraction of the inclusions is
about 15.7% in this test. An overlapping finite element mesh, which
includes a structured mesh for base matrix and two semi-uniform
meshes for inclusions, is used for the discretization as well as
served as the integration cells in the immersed meshfree method.
The meshes for the base matrix and two inclusions are constructed
n (1899 nodes). (b) Refined conforming finite element mesh (4552 nodes)



Fig. 24. Effective displacement contour on undeformed plot in unit cell model. (a) Present solution. (b) Reference solution.

Fig. 25. Maximum principle stress contour on undeformed plot in unit cell model. (a) Present solution. (b) Reference solution.
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independently and are easily placed in the computational domain.
This model contains a total number of 1899 nodes as shown in
Fig. 23a. For comparison, a conforming finite element mesh shown
in Fig. 23b is analyzed using a standard displacement-based bilin-
ear element formulation similar to the one in the previous
example.

Fig. 24 presents a comparison of displacement fields in the im-
mersed meshfree method and conforming finite element method.
The displacement contour in Fig. 24 is expressed in terms of the
effective displacement which is computed at discrete nodes and
defined by

�uI ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2

x;I þ u2
y;I

q
ð63Þ
As shown in Fig 24a and b, the immersed meshfree method displays
a good performance in the coarse model as compared to the refer-
ence solution obtained from finite element method using the fine
mesh. A comparison of L2 norm with a value of 1.1304e�02 in the
immersed meshfree solution and 1.1303e�02 in the finite element
solution suggests that the proposed method is capable of delivering
a good displacement solution for the elasticity interface problem.
The comparison of maximum principle stress contour is shown in
Fig. 25. The stress solution of the immersed meshfree method
shown in Fig. 23a is comparable to the stress result obtained from
the finite element solution shown in Fig. 25b. The energy norms ob-
tained from the immersed meshfree method and finite element
methods are 3.7459 and 3.7511 respectively which differs by a va-
lue of 0.1%.
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6. Conclusions

In this paper, we proposed and analyzed an immersed meshfree
method for the elasticity of composite solid problems. This method
introduces a new discretization based on the naturally conforming
property of meshfree method to approximate the overlapping sub-
domains in the composite solid analyses. The method is regarded as
a non-conforming method which can be related to the Lagrangian-
type mortar method in treating the material discontinuity across
the interface. In contrast to the existing Lagrangian-type mortar fi-
nite element and mortar meshfree methods, the proposed approach
eliminates the interface constraint equation explicitly from the var-
iational formulation. It introduces a new meshfree discretization
and a point-wise continuity across the material interface, thus
eliminating the need for control or stabilization parameters. This
unique property offers great flexibility over other methods with re-
spect to adoption of overlapping mesh in the composite solid anal-
yses. Theoretical results such as uniform ellipticity and consistency
error are given in separate lemmas. Optimal energy norm error
estimate is derived and is further illustrated by numerical
experiments.

Three two-dimensional composite solid examples are provided
to examine the effectiveness and accuracy of the proposed method.
Our numerical results indicate that the numerical convergence rate
of the proposed method is close to the theoretical rate of conver-
gence, and the solution using relatively coarse discretization is
comparable with that obtained from the finite element method
using a fine and conforming mesh. Compared to the extrinsic finite
element approaches using level set method in defining the implicit
material interface, the proposed method does not require addi-
tional degrees of freedom to model the interface problem and re-
sults in a symmetric, positive-definite system of equations. As a
result, the proposed method is exempted from the need for a nodal
enrichment procedure and subsequently the need for the sub-tri-
angulation scheme in the extrinsic approaches. This nice feature
simplifies the numerical implementation of the proposed method
in the standard displacement-based meshfree Galerkin code and
may prove particularly useful within the context of large-scale
model containing multiple and aggregated inclusions in particular
for three-dimensional problems. An extension of present study to
the large-scale, nonlinear, interface de-bonding and three-dimen-
sional problems is under investigation. To improve the computa-
tion cost in three-dimensional meshfree analysis, attempts such
as the introduction of meshfree-enriched finite element approxi-
mation [45] to the interface-fitted nodes will be investigated.
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